In this paper, undrained diffuse instability and strain localization of frictional materials under plane strain conditions were studied. Based on a 3D non-associated Mohr-Coulomb hardening model, the theoretical criteria for diffuse instability and strain localization were proposed by the second-order work theorem and the vanishing of the determinant of the acoustic tensor. The criteria were used to predict the instability characteristics of soil specimen in isotropically and anisotropically consolidated plane strain tests. The studies showed that, when the soil specimen was loaded under strain-controlled loading mode, the soil becomes potentially unstable slightly before the shear stress reaches its peak value. The initiation of diffuse instability accompanies with the peak of shear stress, and strain softening occurs with further loading. Strain localization was predicted by the vanishing of the determinant of the acoustic tensor, and it is shown to occur after the diffuse instability. The non-coaxial plasticity flow rule was adopted to improve the prediction the onset of strain localization, while the inclusion of non-coaxial plasticity flow rule shows no influence on diffuse instability. Both diffuse instability and strain localization occur at the hardening stage of the soil and result in the reduction of the deviatoric shear stress.
Introduction
While failure, instability and bifurcation are typical problems in geomechanics, they are not synonymous (Chambon et al., 2004) . The failure of soil occurs when the stress difference reaches a limiting value (Lade, 2002) , and it is often characterized by Mohr-Coulomb plastic limit criterion. The stability problem is a widely discussed problem and has different definition: Bellman, 1953 pointed out that stability is a much overburdened word with an unstabilized definition. Lyapunov (1907) established the fundamental stability theory. From an engineering standpoint, a given system is stable if it is insensitive to small perturbations (Chambon et al., 2004) , otherwise, instability behaviors, which correspond to the spontaneous change of the deformation mode in the next loading increment occurs. Bifurcation is a widely used theory in physics: it means the existence of more than one response path from a given state for the same loading path . For non-associated materials, either strain localization or diffuse instability tend to occur before the Mohr-Coulomb plastic criterion is met. Strain localization (Alshibli and Sture, 2000; Desrues and Viggiani, 2004) demonstrates deformation concentrated in narrow zones, diffuse instability (Ramos et al., 2012; Daouadji et al., 2011) usually happens in the case of homogeneous problem and there may be loss of homogeneity randomly distributed in space (but non localized pattern). The strain localization problem has been a hot topic and has been widely studied since 1970s, but diffuse instability was seldom explored until recent years (Khoa et al., 2006; Prunier et al., 2009; Laouafa et al., 2011) .
Strain localization has been studied experimentally (Desrues and Viggiani, 2004) , theoretically ) and numerically (Andrade and Borja, 2006; Lu et al., 2012) , and has also been used in the progressive failure analysis of engineering problems (Zienkiewicz and Huang, 1995) . The widely used theoretical framework for the prediction of strain localization is the localization criterion of Rudnicki and Rice (1975) , Rice and Rudnicki (1980) , which corresponds to the vanishing determinant value of the acoustic tensor. The predicted results from localization criterion significantly depend on the constitutive model. For the deficiency of conventional plasticity model in the prediction of strain localization, non-coaxial plastic flow rule is often necessary to improve the predicted results. Originated from the vertex-theory (Rudnicki and Rice, 1975) , a non-coaxial Mohr-Coulomb elasto-plasticity model was formulated by Papamichos and Vardoulakis (1995) in the 2D condition to study the strain localization under the plane strain condition. In order to study the strain localization in plane strain tests as a 3D problem, the original 2D model has been extended to 3D case (Qian et al., 2008 ). This extended model was further modified by using an elaborated shape function to predict the strain localization on both isotropic and cross-anisotropic soils under true triaxial conditions (Huang et al., 2010; Lu et al., 2011) . The influence of non-coaxial flow rule on the failure of soil has been also studied by the numerical modeling of soil element test and real engineering problems (Yang and Yu, 2010; Yang et al., 2011) . These aforementioned researches on strain localization were based on the drained condition. However, previous experimental studies (Han and Vardoulakis, 1991; Finno et al., 1997; Chu and Wanatowski, 2009 ) and recent theoretical studies (Guo and Stolle, 2013; Noda et al., 2013a Noda et al., ,2013b have shown that strain localization also occurs under the undrained condition.
Diffuse instability is a phenomenon different from strain localization, and has been observed in drained tests with constant deviatoric shear and undrained tests (Lade, 1994) . Under the undrained condition, after the attainment of the peak deviatoric stress, the mechanical state of the soil element is potentially unstable, while in order to observe an instability (leading to a diffuse failure), a change in the loading mode is required . As frequently observed in undrained triaxial tests (Lade and Pradel, 1990; Sladen et al., 1985) and plane strain tests on loose granular soil, the occurrence of the peak shear stress often corresponds to the onset of static liquefaction (Kramer, 1996; Vaid and Sivathayalan, 2000; Chu et al., 2003) . The evaluation of the onset of static liquefaction was mostly based on the instability (Lade and Yamamuro, 2011) . In recent years, the mathematical criterion for predicting the onset of static liquefaction has been proposed by bifurcation analysis (Borja, 2006) or by loss of controllability analysis (Nova, 1994; Buscarnera et al., 2011) . Andrade (2009) showed that both theories provide the same results under the axi-symmetric condition. The current studies on static liquefaction are mostly based on axi-symmetric conditions and have seldom been studied under plane strain conditions (Chu and Wanatowski, 2008) . However, it is important to study diffuse instability under plane strain condition since most geotechnical engineering problems can only be simplified into plane strain conditions. In most previous studies, the diffuse instability and strain localization were usually investigated separately, while these could be analyzed in a unified manner by bifurcation theory. Strain localization could be viewed as a bifurcation of homogeneously deformed material element since it usually occurs after infinite bifurcations are encountered in a loading path (Bigoni, 2012) . Diffuse failures, when associated with a burst in kinetic energy, can be described as a bifurcation from a quasi-static regime toward a dynamical regime. The study of Nicot and Darve (2011) showed that when a mechanical state of a specimen belongs to the bifurcation domain, the failure mode depends on the loading conditions, if the localization criterion is met, a localized failure mode occurs, if not, a diffuse mode is expected. Wan et al. (2013) studied both instabilities with an identical constitutive model and the results showed that the diffuse instability precedes and leads to strain localization. It should be noted that these studies were based under the axi-symmetric condition, and it is still unknown whether these results are applicable to plane strain undrained condition.
The main objective of this paper is to investigate diffuse instability and strain localization under the undrained plane strain conditions theoretically. Following the description of the problem in second section, the third section is the brief description of 3D non-coaxial Mohr-Coulomb hardening model. The fourth section is a description of the secondorder work theorem and bifurcation analysis. The fifth section is a theoretical prediction of diffuse and strain localization based on two experimental results. The influences of non-coaxiality on the prediction of both phenomenons are discussed in detail.
Stress and strain under plane strain condition
Plane strain condition is a typical and important stress condition in geotechnical engineering, and in fact many typical problems such as bearing capacity, slope stability and earth pressure problems could be simplified as a plane strain problem. Although the constitutive relationship of soil under undrained plane strain condition has been studied previously, the instability and failure mechanism under this condition still needs further study.
According to the Terzaghi's principle, the effective stress can be expressed by
where σ ij is the total stress, σ 0 ij is the effective stress, and u is the pore water pressure.
The stress state of a soil specimen under plane strain condition is shown in Fig. 1 , and the deformation in y-axis direction was constrained. For the convenience of arranging the test results, the stress state of plane strain tests is sometimes defined by The corresponding strains are
where ε 3 ¼ Àε 1 and ε 2 ¼ 0 under plane strain undrained condition. In Eq. (2), the intermediate stress is not considered. It has been shown from experiments (Shapiro and Yamamuro, 2003) and theoretical analysis (Lade, 2006) that the intermediate principal stress has a great influence on the deformation and the strength of soil. Since ignoring the principal stress in constraint lateral direction may lead to inaccurate predictions of the constitutive response, a 3D stress analysis is required. In the 3D case, the mean effective stress p 0 and deviatoric stress q are
And the corresponding volumetric ε v strains and deviatoric strain ε s are 
Non-coaxial elasto-plasticity hardening model
In order to describe the mechanical response of soils under the plane strain condition properly, the stress-strain relationship should be considered dependent on the Lode angle. The yield function and plastic potential function of the 3D MohrCoulomb elasto-plasticity hardening model under general stress condition are
kPa is the atmospheric pressure; M is the current stress ratio; M d is the stress dilatancy parameter; gðθ σ Þ is the shape function which is used to describe the yield function in 3D stress space. The shape function plays an important rule on the description of the soil strength when intermediate principal stress is considered. For the elliptical Lode-dependence shape function (William and Warnke, 1975) always keeps convexity for all values of β , here, it is adopted
where β is the a strength coefficient which corresponds to the strength ratio of triaxial extension condition and triaxial compression conditions. Considering that the peak friction angle under triaxial tension condition is different from that under triaxial compression condition (Huang et al., 2010; Lade, 2006) , the coefficient β becomes
where φ C and φ E are the friction angle under axisymmetric compression and tension condition respectively. The evolution of the stress ratio M is assumed to follow the hyperbolic law (Pietruszczak and Stolle, 1987) 
where the equivalent plastic shear strain ε
, and A is a fitting parameter.
According to the non-coaxial plasticity theory, the rate form of the stress-strain relationship is
where _ ε cp ij is the coaxial part of the plastic strain rate and can be obtained from the conventional plasticity theory, _ ε np ij is the non-coaxial plastic strain rate. 
where
The elastic behavior is assumed to be state-dependent, and the bulk K and shear modulus G are
where G 0 is a material constant, ν is the Poisson's ratio, and e is the void ratio. The derivation of yield function and potential plastic function are
The hardening modulus can be obtained from Eqs. (5) and (8) as
4. Criteria for diffuse instability and strain localization
Diffuse instability
During the undrained plane strain compression tests, diffuse instability can be predicted by Hill' stability postulate Hill, 1958; Darve and Laouafa, 2000) . These results have been confirmed under axi-symmetric condition, while it has never been confirmed under plane strain condition. According to Hill (1958) 's second-order work theory, the necessary condition for the undrained diffuse instability is
where d 2 w is the second-order work, dσ 0 ij is the effective stress increment, and dε ij is the corresponding strain increment.
On the condition that the constitutive relationship is given, the stress increment can be expressed by a corresponding strain increment, which then yields
In a numerical computation, the second order tensors of stress and strain are often represented by vectors with six components, and the fourth order constitutive tensor is represented by a matrix. Eq. (17) 
where ðD ep ijkl Þ sys is the symmetric part of the constitutive tensor in matrix notation.
Since Eq. (16) or (18) are the necessary conditions for diffuse instability, they provide the lower bound of the potential unstable region in the stress space. When the stress state of the soil locates inside of the potential unstable region, the soil comes to be in a potential unstable condition. In order to make the instability effective (e.g. collapse), three conditions need to be fulfilled: the nullity of the determinant of the symmetric part of the constitutive tensor, the incremental loading direction and a suitable choice of control loading variables. The difference from strain localization is significant.
Strain localization
According the localized criterion of Rudnicki and Rice (1975) , the mathematical condition for the onset of the shear band corresponds to the vanishing determinant value of the acoustic tensor
where A jk is the acoustic tenser, and n i is the components of the unit vector normal to the shear band. As in most previous studies, the stress part in the bracket is neglected for simplicity, and Eq. (19) becomes
Because the strain corresponding to the onset of strain localization is often small, this infinitesimal assumption is reasonable. Further studies about the finite deformation analysis of shear bands can be found in Desrues and Chambon (2002) .
In the condition of plane strain, when the normal vector of the shear band is perpendicular to the y-direction (as shown in 
where n i ¼ f cos θ; 0; sin θg and θ is the inclination of the shear band;
Model predictions of plane strain undrained tests

Isotropically consolidated tests
The proposed constitutive model and the criteria of diffuse instability and strain localization were used to predict the mechanical behavior of sand in undrained plane strain tests. The experimental data of Han and Vardoulakis (1991) was used. The test specimen was made of St Peter Sandstone sand, which consists of more than 99% round quartz grains. The main properties of the sand were: specific gravity G s ¼ 2.65, mean size D 50 ¼ 0.165 mm, coefficient of uniformity C u ¼ 1.4, maximum void ratio e max ¼ 0.8868, and minimum void ratio e min ¼ 0.4706. The prismatic soil specimen had an initial width of 40 mm, an initial height of 140 mm and a constant thickness of 80 mm. Before the specimen was sheared, it was isotropically consolidated at an effective stress of 404 kPa. After Table 1 The model parameters (experimental data after Han and Vardoulakis, 1991; Finno et al., 1997 consolidation, the initial void ratio of the specimen was e 0 ¼ 0.647. By using the material parameters listed in Table 1 , the rate form of stress-strain relationship was integrated in straincontrolled loading with strain increments of 0.01%. The obtained stress-strain relationship is shown in Fig. 2 . The shear stress initially increased with shear strain, and after attaining a peak value, it decreased with further loading, and then after reaching a minimum value, it started to increase. Correspondingly, the pore water pressure (shown in Fig. 3 ) increased at first, and after the peak value was attained, a slight decreasing trend was noted. The predicted stress-path is shown in Fig. 4 : the mean pressure decreases at the beginning and then increases after the appearance of a reversal. The shear stress initially increases to a peak value and then decreases continuously before reaching the reversal point of the mean stress. After the reversal of mean stress, the shear stress changes from a decreasing trend to an increasing trend. As shown in Fig. 5 , although the hardening modulus keeps decreasing with the shear strain, it never becomes negative, indicating that the soil is always hardening.
During the integration process, the determinant of the constitutive tensor and its symmetric part were calculated. As shown in Fig. 6 , the determinant of the constitutive tensor decreases with the shear strain and infinitely goes close to zero, which indicates the attainment of the plastic limit. On the other hand, the determinant of the symmetric part of the elastoplastic tensor becomes negative when γ ¼ 0.518%, indicating there are loading directions leading to negative values of the second-order work. As soon as the second-order work is no longer definitely positive, the mechanical state is potentially unstable. A comparison with the results from the coaxial and non-coaxial models indicates that the strain corresponding to the vanishing of the determinant of the symmetric part of elasto-plastic tensor does not change with the inclusion of noncoaxial flow rule. As shown in Fig. 7 , the second-order work decreases with shear strain and becomes negative when γ ¼ 0.536%. At the deviatoric stress peak, the undrained loading direction corresponds to zero value of the secondorder work, and when combined with the mixed loading mode, the soil specimen becomes unstable. The obtained values of second-order work from both the coaxial and non-coaxial model are the same, which indicates that the non-coaxial flow rule has no influence on the second-order work.
The localized criterion was employed to predict the onset of strain localization. The evolution of the determinants of acoustic tensors obtained from both coaxial and non-coaxial models are shown in Fig. 8 . In both models, the determinants of acoustic tensors det(A jk ) could become negative as the shear strain increases. The critical strain which corresponds to the zero value of det(A jk ) indicates the onsets of strain localization. The critical strain obtained from the coaxial model is 0.684%, which is much smaller than the strain level (2%) at which nonhomogeneous deformation was observed experimentally. It should be noted that there are two critical strains, 1.96% and 3.0%, respectively, in the non-coaxial model. The first critical strain compares well with the experimental result, which means that the onset of the first shear band occurs when the acoustic tensor approaches zero. The determinant of the acoustic tensor with the angle of the first shear band when it approaches zero is shown in Fig. 9 . The coaxial model predicts a shear band angle of 48 degrees, and while the non-coaxial model predicts shear band angles of 51.2 degrees and 51.8 degrees respectively, the predicted angle from the non-coaxial model was closer to the experimental results of 57 degrees. 
Anisotropically consolidated tests
In order to further validate the proposed model and instability criteria, another series of experiments by Finno et al. (1997) was used. The soil used in the test was finegrained, clean, subrounded to subangular quartz masonry sand, which had maximum and minimum void ratios of 0.875 and 0.60, with specific gravity G s ¼ 2.68, mean size D 50 ¼ 0.32 mm and the coefficient of uniformity C u ¼ 1.3. The prismatic soil specimen was 40 mm Â 80 mm Â 140 mm and was K 0 -consolidated at a constant axial strain rate of about 0.28% per hour.
By adopting the model parameters listed in Table 1 , the plane strain undrained tests were simulated via straincontrolled loading with strain increments of 0.01%. The obtained stress-strain relationship is shown in Fig. 10 . As shown in Fig. 10 , the shear stress increased rapidly with strain, and after reaching a peak, decreases with further strain. As shown in Fig. 11 , the pore water pressure increased with the imposed strain at first, and then decreased slightly after peaking. Obviously, the attainment of peak pore pressure falls behind the peak deviatoric shear stress. The predicted stress path in the p 0 À q stress space is shown in Fig. 12 . The mean stress p 0 decreases continuously from 220 kPa to a minimum value of about 115 kPa and then begins to increase. As shown in Fig. 13 , the hardening modulus decreases with the imposed strain, and it approaches zero when the strain is large enough. During the loading process, the hardening modulus always remains positive, indicating that the soil is always hardening.
The determinant of the symmetric part of the elasto-plastic tensor tensor was calculated to predict the onset of diffuse instability. As shown in Fig. 14 , the determinants obtained from the coaxial model and non-coaxial model attain zero at the same axial strain, ε 1 ¼ 0.116%. It implies that the noncoaxial flow rule does not change the prediction of potential diffuse instability. The evolution of second-order work with the imposed strain is shown in Fig. 15 . The second-order work becomes negative at ε 1 ¼ 0.134%, the deviatoric stress peaks and the soil becomes potentially unstable with further loading.
In order to predict the onset of strain localization, the determinant of the acoustic tensor det(A jk ) was calculated during the loading process. The results are shown in Fig. 16 . Theobtained det(A jk ) from the coaxial model became negative at strain ε 1 ¼ 0.212%. However, det(A jk ) changed signs twice during the loading process in the non-coaxial model. The first change occured at ε 1 ¼ 0.601%, while the second one occured at ε 1 ¼ 3.012%. The changing of the sign of det(A jk ) implies the possibility of a shear band. If the onset of a shear band first occurs when det(A jk ) reaches zero, the constitutive relationship would change and the stress-strain would not follow the material response. In the absence of the onset of a shear band, the constitutive relationship would not change, and a shear band would occur the next time det(A jk ) changes from negative to positive. The experiments showed that non-homogeneous deformation begins at ε 1 ¼ 2.7%, and therefore the predicted strain corresponds to the second time when det(A jk ) approaching zero. This compares very well with the experimental result.
The relationship between the acoustic tensor and shear band angle when the acoustic tensor approaches zero is shown in Fig. 17 . The coaxial model provides a shear band angle of 47.9 degrees, and the non-coaxial model provides angles of 49.8 degrees and 51.0 degrees. It should be noted that the result for non-coaxial model is closer to the experimental value of 57 degree than that of the coaxial model.
Conclusions
The undrained diffuse instability and strain localization in sand under plane strain conditions were studied. By adopting the 3D Mohr-Coulomb non-coaxial non-associated hardening elasto-plasticity model, the second-order work theorem and bifurcation analysis were used to predict the onset of diffuse instability and strain localization. The determinant of the symmetric part of the elasto-plastic tensor was used to obtain the lower bound solution of the potentially unstable region, and the onset of undrained diffuse instability was indicated by the second order work. The results showed that undrained diffuse instability occurs soon after the stress state enters the potentially unstable region. The determinant of the acoustic tensor was used to predict the onset of strain localization. It was shown that strain localization occurs after diffuse instability. The non-coaxial flow rule does not change the prediction of diffuse instability, despite its significant influence on the prediction of strain localization. Both diffuse instability and strain localization occur at the hardening stage of the soil, and therefore they are not caused by the material weakening after peak failure but rather are precursors of soil failure.
